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ABSTRACT

Let G be a residually finite or pro-finite group. We say that G satisfies the
linear core condition with constant c if all finite index {open) subgroups of
G contain a subgroup of index at most ¢ which is normal in G. Answering
a question of L. Pyber we give a complete characterisation of finitely
generated residually finite and pro-finite groups satisfying a linear core
condition. In the case of infinitely generated groups we prove that such
groups are abelian-by-finite.

1. Introduction

In the past few years groups satisfying various core conditions have been much
investigated. For example, by a recent result of Cutolo, Khukhro, Lennox,
Rinauro, Smith and Wiegold [3], if in a locally finite group G the inequality
|H: Corec(H)| < c holds for all subgroups H of G and for some constant
¢ (core-c groups in their terminology), then G has an abelian subgroup of c-
bounded index (that is, its index is bounded from above by a function of ¢).
For related results see [2], [10], [7], [9], [6]. Babai, Goodman and Pyber have
considered finite and locally finite groups without core-free subgroups of order
greater than c in [1]. It is proved there that in any finite group there are two
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dedekind subgroups with the property that subgroups of order greater than f(c)
intersect nontrivially at least one of them. A dedekind subgroup in a group G is
a subgroup D such that all subgroups of D are normal in G.

For residually finite and pro-finite groups it is more natural to consider only
finite index (resp. open) subgroups. We say that a residually finite (resp. pro-
finite) group G satisfies the linear core condition with constant c if for all finite
index (resp. open) subgroups H of G we have |H: Coreg(H)| < ¢, that is
|G: Coreg(H)| < ¢|G: H|. Note, that this definition is a special case of the f-core
condition: Let G be a residually finite (resp. pro-finite) group and f: N — N
a function. We say that G satisfies the f-core condition if for all finite index
(resp. open) subgroups H of G we have |G: Coreg(H)| < f(|G: H]). Residually
finite groups satisfying a polynomial or exponential core condition or some related
conditions have been studied by Lubotzky, Pyber and Shalev in [8]. It is noted
there that for various residually finite groups G the intersection of all index n
subgroups of G is of index at most n°. This holds in particular for groups of
finite upper rank, for GF(p)[[t]]-analytic groups and for the Nottingham group.

Laszlé Pyber (personal communication) asked whether a group satisfying a
linear core condition always has a dedekind subgroup of finite index. In the case
of finitely generated groups we answer this question in the affirmative {d(G),
as usual, stands for the minimal number of generators of the group G, for the

definition of linear core condition on cyclic subgroups see Definition 2.2):

THEOREM 3.1: Let G be a finitely generated residually finite group. Then the
following are equivalent:
(i) G satisfies a linear core condition;
(ii) G satisfies a linear core condition on cyclic subgroups;
(ili) G has an abelian dedekind subgroup of finite index.
Moreover, if G satisfies the linear core condition on cyclic subgroups with constant
¢ then G has an abelian dedekind subgroup of ¢, d(G)-bounded index.

The proof relies on the positive solution of the restricted Burnside problem
by Zelmanov [11]. In fact it can be shown that the statement of Theorem 3.1
implies the positive solution of the restricted Burnside problem. Indeed, if G is a
residually finite group of exponent ¢ and G can be generated by d elements, then
G satisfies the linear core condition on cyclic subgroups with constant ¢. Hence
by Theorem 3.1, G has an abelian dedekind subgroup D of ¢, d-bounded index.
D is an abelian group of exponent at most ¢ and the number of generators of
D is c¢,d-bounded thus the the order of D and then in turn the order of G is
¢, d-bounded, too.
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We obtain various analogous results for pro-finite and pro-p groups. In partic-

ular we prove:

PROPOSITION 3.2: Let p be an odd prime and G a finitely generated pro-p group.
Then the following are equivalent:
(i) G satisfies a linear core condition;
(il) G satisfies a linear core condition on cyclic subgroups;
(iil) the centre of G is open.

In section 4 some simple examples are given which show that we cannot hope
to find finite index dedekind subgroups in nonfinitely generated residually finite
groups. However, using the result of [3] we can show

THEOREM 3.3: There is a function F: N — N such that if G is a pro-finite
group satisfying the linear core condition with constant ¢ then G has an open
abelian normal subgroup A of index at most F(c).

As a corollary we have

COROLLARY 3.2: Let G be a residually finite group satisfying the linear core
condition with constant c. Then G has an abelian normal subgroup of index at
most F(c).

2. Finite groups with a linear core condition

In this section we consider finite groups. First, however, we need two definitions:

Definition 2.1: Let G be any group (not necessarily finite). An element g € G
is said to be a normal element, if (g) is a normal subgroup of G. A subgroup
D of G is called a dedekind subgroup if every subgroup of D is normal in G.
The fact that D < G is a dedekind subgroup will be denoted by D ded G.

D being a dedekind subgroup is easily seen to be equivalent to saying that all
elements of D are normal elements.

Definition 2.2: Let G be a group (not necessarily finite), and ¢ a natural
number. We say that G satisfies the linear core condition on cyclic subgroups
with constant c if for all finite index normal subgroups N and for all z € G we
have |G: Coreg((z)N)| < c|G: (z)N]|.

To prove the main result of this section (Theorem 2.1) we need the following
lemma:
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LEMMA 2.1: There exists a function f;: N*> — N such that for any prime
p and natural number k, if G is a finite p-group which is generated by normal
elements g1, ¢z, ..., gn then there is a characteristic subgroup H in G such that
exp(G/H) divides fi(k,p) and all elements of H are p*-th powers in G.

Proof: Let first p be odd. Clearly G/GP is also generated by normal elements and
has exponent p, so it is elementary abelian, therefore G is powerful. This implies
the result with H = G”" and f1(k,p) = p*. (See [4], Chapter 2 for properties of
powerful p-groups.)

For p = 2 note that G™ = (¢7*,...,g) and [g,,9,] commutes with both
g, and g;. From this we get that [gf,g5] = [g,,g,]** for all natural numbers s
and t. On the other hand, if g, and g, do not commute modulo G* then they
do not commute in (g,,g,) modulo {g,,g,)* = (g}, g;). Now this implies that
(gl,g])/(gf,g;l) is a quaternion group of order 8 and so gf(gf,g}‘) = g?(gf,g;‘).

But then gf+4sg;“ = g¢° for some natural numbers s and t, and from this we

get gf+4s = gjz_‘“ showing (g2) = <g]2) in this case. Suppose now that for some

1 <i < j < nwewould have [g7,¢7] ¢ G'°. Then [g,,9,] ¢ G* and so (g?) = (¢°)
forcing [g2,9?] = 1, a contradiction. This means that G* is powerful and as
above we have that fi(k,2) = 25+ and all elements of H = G*'*" are 2*-th
powers in G. |

THEOREM 2.1: There exists a function fa: N — N such that for any natural
number ¢, if G is a finite group satisfying the linear core condition on cyclic
subgroups with constant ¢ then G has an abelian dedekind subgroup D such
that exp(G/D) divides fa(c).

Proof: Let g € G be an arbitrary element. By the assumption on G we have a
natural number k < ¢ with (g¥) < G. This means that H = G is a finite group
generated by normal elements and hence it is nilpotent (it is a product of nilpotent
normal subgroups). For each p € 7(H) let us denote by S, the Sylow p-subgroup
of H. Note that if p > ¢, p odd, S, is an abelian dedekind subgroup of G. Now
let p < c. Let k = |log, ¢] +1; then p* > ¢ and by Lemma 2.1 we have that there
is a characteristic subgroup A, of S, such that all nontrivial elements of A, are
p*-th powers (hence are normal elements) and exp(S,/A,) divides fi(k,p). Let
f(e) = ] enm), p<e f1(k,p) and Do = [[,cn(m) Ap (for p > c set Ay = 5p).
Clearly, exp(G/ Do) divides f{c). We will show that Dy is a dedekind subgroup
of G. Let x € Dy be an arbitrary element of Dy. Then z = ap,ap, -+~ ayp,,
p. € 7(Do), p, # p, for i # j and ap, € A,,. Now (z) =[] _,(ap,) and (a,,) < G.
This means that all elements of Dy are normal elements. As Dy is Hamiltonian
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it contains an abelian subgroup. of index at most 2. Thus D = D7 is an abelian
dedekind subgroup of G with exp(G/D) dividing fa(c) = 2f(c). |

COROLLARY 2.1: There exists a function f3: N> — N such that if G is a finite
group satisfying the linear core condition on cyclic subgroups with some constant
c then G has an abelian dedekind subgroup A of index at most f3(d(G),c).

Proof: Let G be a finite group satisfying the linear core condition on cyclic sub-
groups with some constant c. Then by Theorem 2.1 there is an abelian dedekind
subgroup D of G with exp(G/D) dividing f2(c). By the positive solution of the
restricted Burnside problem |G: D| = |G/D| < B(d(G), f2(c)) = f3(d(G),¢).
1

Note that by a theorem of Cutolo, Khukhro, Lennox, Rinauro, Smith and
Wiegold 3] a finite group satisfying the linear core condition with constant c
has an abelian normal subgroup of c¢-bounded index. This provides a proof for
Corollary 2.1 for finite groups satisfying the linear core condition (on all sub-
groups) which does not rely on the positive solution of the restricted Burnside
problem. Note further that though the bound in Corollary 2.1 can be improved
if G satisfies the linear core condition, even in this case no bound depending only
on ¢ exists as shown by Example 4.1.

3. Infinite groups with a linear core condition

In this section we consider infinite groups. Our first main result is

THEOREM 3.1: Let G be a finitely generated residually finite group. Then the
following are equivalent:
(i) G satisfies a linear core condition;
(ii) G satisfies a linear core condition on cyclic subgroups;
(iil) G has an abelian dedekind subgroup of finite index.
Moreover, if G satisfies the linear core condition on cyclic subgroups with constant
c then G has an abelian dedekind subgroup of ¢, d(G)-bounded index.

Proof: The implication (i)==(ii) is trivial. We prove that (ii) implies (iii). Sup-
pose that G satisfies the linear core condition on cyclic subgroups with constant
c. Then each finite quotient of G is a finite d(G)-generator group satisfying the
linear core condition on cyclic subgroups with constant c¢. Applying Corollary
2.1 we get for all finite index normal subgroups N of G an Ay 4G with N < Ay
and |G: An| < f3(d(G),¢), such that Ay /N is an abelian dedekind subgroup of
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G/N. As the indices of the Ay’s are bounded and G is finitely generated,

- N

NaG
|G N|<oo

is of finite index in Gj in fact its index is bounded by a function of ¢ and d(G).
A is abelian because it is residually abelian, and is finitely generated as a finite
index subgroup of a finitely generated group. Moreover, for any finite index
normal subgroup N of G the quotient group AN/N is a dedekind subgroup of
G/N. We claim that A is in fact a dedekind subgroup of G. To see this let B be
any subgroup of A. A/B is a finitely generated abelian group so it follows from
the fundamental theorem of abelian groups that A/B is residually finite. Hence

B= (| D= ()} BM= ()] BN,

B<D<A M<A N<A
{A D<o |A M|<oo NG
|A N|<oo

the last equality being valid since, if M is a finite index subgroup of A, then
Coreg(M) is also a finite index subgroup of A. On the other hand, as A/N is
a dedekind subgroup of G/N the quotient group BN/N is a normal subgroup of
G/N, thus BN is a normal subgroup of G for all finite index normal subgroups
N of G contained in A. Comparing this with the equality above we get that B
itself is normal in G. This shows that A is a dedekind subgroup of G and, as we
remarked earlier, its index is bounded in terms of ¢ and d(G).

Finally, suppose that G has a abelian dedekind subgroup D of finite index
c. Now if M is a finite index subgroup of G then |M: M (\D| = |[MD: D| <
|G: D} = c and M (D <G, showing that G satisfies the linear core condition
with constant c. |

We now turn to pro-finite groups. We use the standard notation A <, B and
A <. B to abbreviate that A is an open or closed subgroup in B.

Definition 3.1: Let G be pro-finite group, and ¢ a natural number. We say that
G satisfies the linear core condition with constant c if for all open subgroups H
of G the inequality |G: Coreg{H)| < ¢|G: H| holds. Clearly, this is equivalent to
saying that the core of any open subgroup of G has index at most ¢ in the given
subgroup. Moreover, we say that G satisfies the linear core condition on cyclic

subgroups with constant c if for all open subgroups N and for all z € G we have
|G: Corec({z)N)| < c|G: (z)N]|.

Definition 3.2: Let G be a pro-finite group. An element ¢ € G is said to be

a topologically normal element, if (g} is a normal subgroup of G. A closed
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subgroup D of G is called a topological dedekind subgroup if for any H <. D
we have H a G.

It is easy to see that D is a topological dedekind subgroup if and only if all
elements of D are topologically normal elements. Note that in a pro-finite group
a closed dedekind subgroup is always a topological dedekind subgroup; however,
a topological dedekind subgroup may fail to be a dedekind subgroup.

THEOREM 3.2: Let G be a pro-finite group. Then G satisfies a linear core
condition on cyclic subgroups if and only if G has an abelian topological dedekind
subgroup D with exp(G/ D) finite. Moreover, if G satisfles a linear core condition
on cyclic subgroups with constant ¢ then exp(G/D) divides f2(c). (The function
f2(c) was given in Theorem 2.1.)

Proof: Suppose first that G satisfies the linear core condition on cyclic subgroups
with constant ¢. Then each open quotient of G is a finite group satisfying the
linear core condition on cyclic subgroups with constant ¢. Applying Theorem
2.1 we get for all open normal subgroups N of G an Ay <, G with N < Ay,
exp(G/Ay) dividing f2(c), An/N an abelian dedekind subgroup of G/N. Let

D= () Ax;
N4,G
D is abelian because it is residually abelian. We will prove first that D is a
topological dedekind subgroup. Let M <. D and z € G. For all open normal
subgroups N of G we have MN/N ded G/N,so MN = M*N. Now

M= () MN= () M°N =3,
N4,G N4,G
This means that all M <, D are normal subgroups of G, proving Dded G. It
remains to prove that exp(G/D) divides fa(c). Let z € G be an arbitrary element.
Then zf2(9) ¢ Ay for all open normal subgroups N of G and hence zf2(¢) € D,
as claimed.

Conversely, suppose that G has an open topological dedekind subgroup D
with exp(G/D) = c finite. Let « € G be an arbitrary element. Then z° € D and
hence z° is a topologically normal element. This implies that if N is an open
normal subgroup of G then (z°)N is an open normal subgroup too, and clearly
[{z)N: (z°)N| < ¢, showing that G satisfies the linear core condition on cyclic
subgroups with constant c. 1

A similar argument shows that for residually finite groups we have
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PROPOSITION 3.1: Let G be a residually finite group satisfying the linear core
condition on cyclic subgroups with constant c. Then G has an abelian normal
subgroup A such that exp(G/A) divides fz(c).

It is not clear whether here A can be chosen to be a dedekind subgroup or not.
The positive solution of the restricted Burnside problem implies

COROLLARY 3.1: Let G be a finitely generated pro-finite group. Then the
following are equivalent:

(1) G satisfies a linear core condition;

(ii) G satisfies a linear core condition on cyclic subgroups;

(iii) G has an open abelian topological dedekind subgroup.

Proof: The first implication is trivial. The second implication follows from
Theorem 3.2 and the positive solution of the restricted Burnside problem. To
prove the implication (iii)==(i) let D be an open topological dedekind subgroup
of G and M any closed subgroup. Then M N D is a closed normal subgroup and
|M: M ND|=|MD: D| <|G: D|. |

For pro-p groups we can say even more:

PROPOSITION 3.2: Let p be an odd prime and G a finitely generated pro-p group.
Then the following are equivalent:

(i) G satisfies a linear core condition;

(i) G satisfies a linear core condition on cyclic

(i) the centre of G is open.

Proof: The first implication is trivial. Suppose that G satisfies a linear core
condition on cyclic subgroups. Then by Corollary 3.1, G contains an open abelian
topological dedekind subgroup D. Let g € D be an element of infinite order
and C = (g) = Z,. Then C is a closed normal subgroup of G on which G
acts (via conjugation) as a finite group (because D is abelian). This defines a
homomorphism from G into ' = Aut(Z,), where the image is a finite p-group.
We claira that T has no nontrivial finite p-subgroups. Indeed, let oo € I’ be
an element of finite order p!. Then o acts on C and its action is completely
determined by the image of g, say a(g) = g* for some yu € Z,. As o' (g) = g we
have upt =1, that is g is a 1-unit in Z,. Now the group of 1-units is isomorphic
(via the logarithm map) to the additive group of the maximal ideal of Z,, which
is torsion free, forcing p* = 1. This means that C is central in G. Let H be the
closed subgroup of D generated by the elements of infinite order; then by the
above argument H is central in G. We claim that H has finite index in G and
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hence it is open. As D has finite index in G it suffices to prove that H has finite
index in D. Now this is true, because D/H is a finitely generated abelian torsion
pro-p group.

Finally, the centre is clearly a topological dedekind subgroup, so by Corollary
3.1 G satisfies a linear core condition. |

Note that the groups in Example 4.2 show that neither Theorem 3.1 nor
Corollary 3.1 holds for nonfinitely generated residually finite or pro-finite groups
in general. However, we have

THEOREM 3.3: There is a function F: N — N such that if G is a pro-finite
group satisfying the linear core condition with constant ¢ then G has an open
abelian normal subgroup A of index at most F{c).

Proof: Note first that by the Mal’cev Local Theorem (see, e.g., [5] Proposition
1.K.2) it is sufficient to prove that all finitely generated closed subgroups of G
are abelian-by-bounded, so we may suppose that G is finitely generated.

The first step is a reduction to finitely generated central-by-finite pro-finite
groups. First of all note that by Theorem 3.2 we have an abelian topological
dedekind subgroup D in G such that exp(G/D) divides fa(c); thus, as remarked
earlier, G/D is finite because G is finitely generated. Let 7 be the set of odd
primes greater than fy(c). Then n’ is finite and the Hall pro-7 subgroup Dy of D
is the (unique normal) Hall pro-m subgroup of G. Let N, (i € N) be a descending
series of open normal subgroups of G forming a base of the neighbourhoods of
the identity. Then DyN,/N, is a normal Hall 7-subgroup of G/N, and, if X is a
complement of DyN,/N, in G/N,, then X contains a normal subgroup of index
at most ¢, thus |G/N,: Cg/n,(DoN,/N,)| < c. Denoting by C, the preimage of
Cg/n,(DoN,/N,) in G the C,’s form a descending chain of open normal subgroups
and |G: C,| < c for all i € N. Hence C = [, C, is an open normal subgroup
of index at most ¢ in G and clearly, C = Cg(Dy). Thus we may suppose that
Dy < Z(G). Now let p € 7', let D, be the unique Sylow pro-p subgroup of D
and X, the preimage of Cgn,(DpN,/N,). Then X, > D and G/X, is a finite
group of exponent dividing fz(c). Let D,N,/N, = (21,...,2,), where the z,’s
are independent. If a € G/N, then there are k, € N such that z; = zfj. Clearly,
k, is unique modulo |2,|. Now (2,2,)* = (z2,)F = zfz}“ for some k € N, thus as
(z2;)* = 2025 = zf“zfj
if 2; has maximal order among the 2,’s, we can assign a natural number k(a) to
each a € G/X, with 2% = zlk(a) for i =1,2,...,n and thus k(a)/2(®) = 1 mod|z|.

Now the number of (incongruent) solutions to this congruence is at most 2fs(c)

we have k —k, = Omod|z,| and k—k, = Omod|z,|. Hence
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(f2(c) if p is odd). This implies that |G/X,| < 2f2(c), thus |G: X,| is bounded in
terms of ¢ and, as in the case of Dy, we conclude that |G: C(D,)| is bounded
too. Since |7'| < f2(c), |G: C(D)| is bounded by a function of ¢, hence we may
suppose that G is central-by-finite. In this case there are at most |G: Z(G)|?
commutator elements in G. Hence we may choose an open normal subgroup
N such that N does not contain nontrivial commutators. Then for any pair of
elements z, ¥y € G, £ and y commute modulo N if and only if they commute
in G. By Theorem 1 of [3] the finite core-c group G/N has an abelian normal
subgroup of ¢-bounded index. Thus if A denotes the preimage of this abelian
normal subgroup, then A is an abelian normal subgroup of G and its index is
bounded in terms of c. 1

COROLLARY 3.2: Let G be a residually finite group satisfying the linear core
condition with constant c. Then G has an abelian normal subgroup of index at
most F(c).

Proof: Let us denocte by G the pro-finite completion of G. Then G satisfies the
linear core condition with constant ¢. Thus by Theorem 3.3, G has an open
abelian normal subgroup A of index ‘at most F(c) and hence GN A is an abelian
normal subgroup of G of index at most F{c). |

4. Some examples

Our first example shows that the bound in Corollary 2.1 must depend on d(G).

Example 4.1: Let p be an odd prime number and define an n generator finite
group G, for all natural numbers n as follows. Let A, = C7, B, = Cpn,
M, = A, x B,, the automorphism ¢, of M, of order two be the identity on
A,, and the inverse map on B, and let G, = M,,: (¢}, the semidirect product.
Then G, satisfies the linear core condition with constant 2p, but any dedekind
subgroup D of G, has index at least p™.

Proof: Let us fix a natural number n. (We will omit the subscript n.) Let
H < G; we must show that |H: Coreg(H)| < 2p. Clearly, |H: HNn M| < 2, so
it suffices to prove that if K < M then |K: Coreg(K)| < p. KN B<G; we will
denote the image of an arbitrary subgroup X of G under the natural projection
of G onto G/(KNB)by X. As KNB =1and M’ < B we have K’ = 1,
that is K < Soc(M). Now Soc(M) is a vector space over the p element field, so
dim(K N 4) 4+ dim(K A) = dim(K) + dim(4). Hence dim(K N'4) > dim(K) - 1.
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This means that |K: (K N A)| < p. Let us denote by N the preimage of K N A
in G. Then N< K, |[K: N|<pand N«G.

It remains to prove that any dedekind subgroup D of G has index at least p".
Let D be a dedekind subgroup of G. We claim that MND < Aor MND < B.
Indeed, let us suppose that thereisanx =ab € D withae€ A, be B,a#£1#6.
Then z¥ = z™ for some m € Z. Now z¥ = a¥b® = ab~! and 2™ = a™b™. From
this we get m = 1 mod p and m = —1mod |, hence p divides (m + 1) — (m — 1),
that is p divides 2, a contradiction. |

The second example shows that in Theorem 3.1 and in Corollary 3.1 it is
essential to assume that G is finitely generated, thus the answer to the question
of Laszlé Pyber is negative in the case of infinitely generated groups.

Example 4.2: Let p be an odd prime and let A = Cgo, B = Z,, ¢ the auto-
morphism of A X B which is the identity on A and the inverse map on B, and
G = (A x B): {v). Then G is a residually finite group satisfying the linear core
condition with constant 2p but G has no open topogical dedekind subgroup, and
no finite index dedekind subgroup.

Proof: Indeed, the groups G, in Example 4.1 form an inverse system of finite
groups and G is the inverse limit of this system. As a residually finite group G
satisfies the linear core condition with constant 2p, because if X < G is a finite
index subgroup of G, then X N A and X N B are normal subgroups of G and
G = G/((X N A)(X N B)) is a finite group which is a subgroup of G,, for some
n. G cannot have an open topological dedekind subgroup D of finite index c,
because the image of D would be a dedekind subgroup of index at most ¢ in G,
for all n. On the other hand, G cannot have a dedekind subgroup of finite index,
because if D is any dedekind subgroup and M = A x B then DN M is contained
in either A or B. Indeed, if z = ab € DN M then z¥ = (ab)¥ = ab~! and, as
D is a dedekind subgroup, z¥ = z™ for some integer m. That is (ab)™ = ab~!
and, from this, a™~! = b~*~™, This can be true only if b= 1lgorm+1 =10
and a® = 1g. The latter implies @ = 1¢ (note that p was odd). ]
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